Non-Markovianity by Quantum Loss by Haseli, S. & Salimi, S.
ar
X
iv
:1
40
6.
57
48
v1
  [
qu
an
t-p
h]
  2
2 J
un
 20
14
Non-Markovianity by Quantum Loss
S. Haseli1 and S. Salimi1, ∗
1Department of Physics, University of Kurdistan, P.O.Box 66177-15175 , Sanandaj, Iran
(Dated: October 10, 2017)
In the study of open quantum systems, information exchange between system and its surrounding
environment plays an eminent and important role in analysing the dynamics of open quantum
system. In this work, by making use of the quantum information theory and intrinsic properties
such as entropy exchange, coherent information and using the notion of quantum loss as a criterion
of the amount of lost information, we will propose a new witness, based on information exchange,
to detect non-Markovianity. Also a measure for determining the degree of non-Markovianity, will
be introduced by using our witness. The characteristic of non-Markovianity is clarified by means
of our witness, and we emphasize that this measure is constructed based on the loss of information
or in other word the rate of quantum loss in the environment. It is defined in term of reducing
correlation between system and ancillary. Actually, our focus is on the information which be existed
in the environment and it has been entered to the environment due to its interaction with the system.
Remarkably, due to choosing the situation which the ”system +ancillary” in maximal entangled pure
state, optimization procedure does not need in calculation of our measure, such that the degree of
non-Markovianity is computed analytically by straightforward calculations.
PACS numbers: 03.65.Yz, 03.65.Ta, 42.50.Lc
I. INTRODUCTION
The study of open quantum systems plays an impor-
tant and fundamental role in many applications of quan-
tum information theory [1]. Since isolation of quantum
system from its surrounding environment is almost im-
possible, thus realistic quantum systems are open ones.
We emphasize that, they exchange information with its
surrounding environment. Surveying and focusing on
this information exchange lead us to the concept of
Markovian and non-Markovian dynamical processes. If
the degree of freedom of environment is infinite or that,
the coupling between system and its environment be
weak, information flow from system to environment and
the quantum dynamical process is Markovian. If it is
comparable with the degree of freedom of the quantum
system then the information flow back to system and dy-
namical process is non-Markovian and memory effects are
revealed. If the rate of the flow of the information from
system to environment can be calculated then we can de-
fine the type of the quantum dynamical process. Several
witnesses have been provided to detect non-Markovianity
of dynamical process and parallel to these witnesses var-
ious measures were specified in order to identify the de-
gree of non-Markovianity. For example, Wolf et al. pro-
posed their measure by using the semigroup property of
the Markovian dynamical maps [2], Rivas et al. intro-
duced their measure based on divisibility of Markovian
dynamical maps [3], these two do not include the opti-
mization procedure. However, several measures were pre-
sented from information exchange point of view. For in-
stances, Breuer et al. provided a measure based on back
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flow of information by making use of the distinguishabil-
ity notion [4], Luo et al. proposed a non-Markovianity
measure via correlation based on mutual information [5].
As can be seen in the above mention approach to deter-
mine the non-Markovian process we need to optimization
procedure over all initial state. We have various and rel-
evant , but conceptually different, description for non-
Markovianity. Our motivation in writing this work has
been to try to introduce a new measure in order to detect
non-Markovianity and specify the degree of it which has
a comprehensive physical interpretation and mathemat-
ically computable in a simple way. For this purpose, we
use the notion of ”quantum loss” [6] as the criteria for
determining the value of lost information during the pro-
cess. If we have the dynamics of lost information then
we can specify the type of dynamical process. In this
work, we use our measure for popular examples and will
show that the obtained results are same results which
obtain by other measures based on information flow, but
our measure have a advantage than before measures does
not require optimization procedure due to choosing the
situation which the ”system +ancillary” in maximal en-
tangled pure state.
The work is organized as follows. In Sec.II we briefly re-
view those appearances of quantum information theory,
and introduce our model and the notions of ”coherent
information”, ”quantum loss” and ”quantum noise”. In
Sec.III we introduce our measure based on lost informa-
tion by means of the quantum loss notion. In Sec.IV we
use our measure for popular examples. Finally in Sec.V
our results will be summarized in conclusions.
2II. MODEL
Quantum information has special properties different
from classical one. Quantum state of an open quantum
system lost its coherence due to interacting with environ-
ment. This interaction induces an exchange of informa-
tion between system and its surrounding environment, so
we expect that, one can obtain much information about
open quantum system by using the entropy of open quan-
tum systems and its properties. Quantum entropy was
introduced by von Neumann as an extension of Gibbs
entropy in classical statistical mechanic [7]. Here, we use
von Neumann entropy to investigate the properties of
open quantum system during its evolution. The basis of
modern information theory was based on using the def-
inition of entropy by Shannon [8]. For a quantum state
ρAB, we can write the relation between von Neumann
entropies as
S(ρA|B) = S(ρAB)− S(ρB). (1)
Similarly, mutual information is given by
I(ρAB) = S(ρA) + S(ρB)− S(ρAB), (2)
mutual information is bounded
0 6 I(ρAB) 6 2min{S(ρA), S(ρB)}. (3)
For pure bipartite state ρAB from Eq.(3), and making use
of this fact that, we can use the von Neumann entropy of
reduce density matrix to measure the entanglement for
pure state[9, 10], mutual information is rewritten as
I(ρAB) = IQ(ρ
AB) = 2S(ρA) = 2S(ρB), (4)
where IQ was defined as mutual entanglement [11].
We consider an open quantum system S with Hilbert
space HS , and arbitrary density matrix ρS belong to,
all bounded linear operators acting on Hilbert space,
B(HS). Initial mixed state ρS is purified by using entan-
glement with an ancillary system A with Hilbert space
HA, and density matrix ρA belong to, all bounded linear
operators acting on Hilbert space, B(HA)
|ΨSA〉 =
∑
i
√
λi|i, ai〉, (5)
where |ai〉’s are eigenstates of A, λi and |ai〉 are eigenval-
ues and eigenstates of S respectively, it can be achived
via a Schmidt decomposition. Open quantum system in-
teract with its environment with Hilbert spaceHE and
density matrix ρE . We supposed that the environment
initially is in pure state. Ancillary system does not evolve
during the evolution and ρSE evolves unitarily in time, so
due to these facts the total state ρSAE is pure and remain
pure in time. Total state evolve under unitary operation
USE ⊗ IA,
ρS´E´A = (USE ⊗ IA)ρSAE (USE ⊗ IA)†. (6)
FIG. 1: (Color online) The initial state of total quantum state
ρSAE is generally in a pure state. The state of the ancilla A
is chosen such that it purify ρS . The state of combine state
ρSAE remain pure in time due to unitary evolution of total
system with unitary operation USE ⊗ IA.
This construction is summarized in Fig. (1). Befor the
interaction with environment, due to the fact that initial
state of composite ”system + ancillary” is in pure state,
the entropy of ancillary state is the same with entropy of
system state and is denoted by
S(ρA) = S(ρS) = −
∑
i
λi log2 λi. (7)
After the evolution the entropy of environment known as
” entropy exchange” which is introduced by Schumacher
[5]
Se = S(ρ
E´) = S(ρS´A) = −Tr[ρS´A log2 ρ
S´A]. (8)
Entropy exchange determines the measure of information
exchanged between system S and environment E during
the quantum evolution, which is the von Neumann en-
tropy of final state ρS´A. Entropy exchange is a natural
properties of S, it is only depend on ρS and dynamical
map ΛS
ρAS´ = [IA ⊗ ΛS ]ρAS . (9)
If interaction between system and environment does not
exist then system is close and its evolution is unitary,
so the joint state ρSA remain pure in time. In this case
entropy exchange is equal to zero. Coherent information
Ic is an another natural quantity, which is given by [13]
Ic = S(ρ
S´)− S(ρAS´) = S(ρS´)− Se. (10)
By using coherent information the ”quantum loss” is ob-
tained as
LQ = S(ρ
A : ρE´ |ρS) = S(ρS)− Ic, (11)
quantum loss play an important role in quantum error
correction [5]. Following triangle inequality holds for
quantum loss [11, 14]
0 ≤ LQ ≤ 2min{S(ρ
S), Se}. (12)
3From Fig.(2) we find that ”quantum loss” LQ indicates
the loss of information from system to environment or
back flow of information from environment to system in
the quantum evolution, we will show these notions in the
following section analytically. Initial mutual entangle-
ment for pure state IQ = 2S(ρ
S) has the information
dimension. By interaction of the system with environ-
ment, it is converted to
I´Q = IQ − LQ. (13)
Note that ternary mutual information ,i.e. the center
of venn diagram in Fig.2, due to monogamy of mutual
information must satisfy inequality which is given by
I(ρS : ρA : ρE) ≤ 0, I(ρS´ : ρA : ρE´) ≤ 0. (14)
Here we assume that the total state ρSAE in pure state,
so the ternary mutual information(the center of the venn
diagram in Fig.2) is equal to zero [15] .
III. NON-MARKOVIANITY VIA QUANTUM
LOSS
Supposed that ΛS = {Λt} be a quantum dynami-
cal map, which is defined by a set of linear and com-
pletely positive trace preserving operationsΛt. Λt act on
state space B(HS) of the system. ”Ancillary + system”
Hilbert space is HS ⊗HA. If {Λt} be a Markovian dy-
namical map i.e. for r 6 t
Λt = Λt,rΛr. (15)
For the state of the combined ”ancillary + system” Put
ρSA(t) = (Λt⊗I)ρSA(0), note that ancillary system does
not evolve. From the visual point of view in Fig.2 and
Eq.(13), we observe that, if the ”quantum loss” LQ in-
crease continuously, i.e. d
dt
LQ ≥ 0, the value of mu-
tual entanglement, i.e. correlation between system and
ancillary, decrease monotonically, and information flow
FIG. 2: (Color online)Unitary evolution of total pure system
|ΨSAE〉. Ancillary system does not evolve during the unitary
transformation USE ⊗ IA and so there is no exchange across
the red solid line on the left entropy venn diagram. On the
right venn diagram NQ = 2S(ρ
E)− LQ.
from system to environment, so the dynamical process is
Markovian. On the other hand if during the process the
value of quantum loss decrease in some time intervals,
i.e. d
dt
LQ < 0, then the value of mutual entanglement
increase, and dynamical process is non-Markovian. Now
we are in a position to define our witness for detecting
non-Markovianity.
A. NON-MARKOVIANITY WITNESS
The quantum dynamical map Λt is non-Markovian iff
d
dt
LQ(ρ
SA(t)) < 0. In other words violation of mono-
tonically increasing property of ”quantum loss” under
quantum dynamical process, i.e. d
dt
LQ(ρ
SA(t)) ≥ 0, is
necessary and sufficient condition for non-Markovianity
of dynamical maps. According to our witness, we find
that in non-Markovian process the rate of the Von Neu-
mann entropy of environment is less than the rate of the
system’s von Neumann entropy
d
dt
S(ρE(t)) <
d
dt
S(ρS(t)). (16)
Similar to pervious work on this fields by other authors,
we can introduce a measure for determining the degree
of non-Markovianity using this witness.
B. NON-MARKOVIANITY MEASURE
The above constructions help us to make a natural
measure for indicating the degree of non-Markovianity of
quantum dynamical map Λt from quantum loss dynamics
NLQ(Λt) =
∫
d
dt
LQ(ρSA(t))<0
d
dt
LQ(ρ
SA(t))dt. (17)
Integral is over all time intervals t ∈ (ai, bi) in which
d
dt
LQ(ρ
SA(t)) < 0 and ρSA(0) is maximally entangled
pure state.
Mathematically, by taking the time derivative from
both sides of the Eq.(13) we have
d
dt
IQ(ρ
SA(t)) = −
d
dt
LQ(ρ
SA(t)), (18)
which means that, increasing the quantum loss is equiv-
alent to a reduction of mutual entanglement and vice
versa. In other meaning, we can say that the dynami-
cal map is Markovian if d
dt
IQ(ρ
SA(t)) ≤ 0, and is non-
Markovian iff d
dt
IQ(ρ
SA(t)) > 0. From Eq.(4) we ob-
serve that the mutual entanglement IQ((ρ
SA(t)) has the
dimension of mutual information I((ρSA(t)) for bipartite
pure states. Thus, with regard to above considerations,
we can reproduce the witness which were introduced by
Luo et al. in Ref. [5]. From their work, we have follow-
ing relation for quantum mutual information of combined
4system ”system + ancillary” during the quantum evolu-
tion
I(ρSA(t)) ≤ I(ρSA(r)), (19)
i.e. if {Λt} be a Markovian quantum dynamical map then
the quantum mutual information is a monotonically de-
creasing function of t, or in other word for any Markovian
dynamical maps we have
d
dt
I(ρSA(t)) ≤ 0. (20)
Any violation of this monotonicity is a symptom of non-
Markovianity.
IV. EXAMPLES
Example 1:Consider pure dephasing of a single-qubit
system described by the following local generator
ρ˙S(t) = Lt(ρ
S(t)) =
γ(t)
2
(σzρ
S(t)σz − ρS(t)). (21)
By solving this master equation we have
Λt(ρ
S(0)) = ρS(t) =
(
ρ11(0) ρ12(0)e
−Γ(t)
ρ21(0)e
−Γ(t) ρ22(0)
)
,
(22)
where Γ(t) =
∫ t
0
γ(τ)dτ . Now we consider the ancillary
system such that ρSA(0) = |ΨSA(0)〉〈ΨSA(0)|, where
|ΨSA(0)〉 = 1√
2
(|0S0A〉 + |1S1A〉). Straightforward cal-
culation lead to density matrix ρSA(t). From Eq.(11),
quantum loss for evolved ”ancillary + system” composi-
tion can be obtained as
LQ(ρ
SA(t)) =−
1 + exp(−Γ(t))
2
log2
1 + exp(−Γ(t))
2
−
−
1− exp(−Γ(t))
2
log2
1− exp(−Γ(t))
2
.
(23)
By considering the Markovianity condition
d
dt
LQ(ρ
SA(t)) ≥ 0 after straightforward calculations
we find that quantum dynamical map is Markovian if
γ(t) ≥ 0. Remarkably, from d
dt
LQ(ρ
SA(t)) < 0 quantum
dynamical map is non-Markovian iff γ(t) < 0.
Example 2:As an another example we consider the
decay of a two-level system into a bosonic environment.
The total Hamiltonian is given by
Ht = ω0σ+σ−⊗I+I⊗
∑
k
ωkb
†
kbk+
∑
k
(gkσ+⊗bk+g
∗
kσ−⊗b
†
k).
(24)
We consider the state of the environment in ground state
i.e ρE = |0〉〈0|. The dynamics of single qubit is described
by the following time-local master equation
ρ˙S(t) =Ltρ
S(t) = −
i
2
S(t)[σ+σ−, ρS(t)]
+
γ(t)
2
(σ−ρS(t)σ+ − {σ+σ−, ρS(t)}),
(25)
where S(t) = −2Im( G˙(t)
G(t) ) and γ(t) = −2Re(
G˙(t)
G(t) ).
If the spectral density has a Lorentzian form J(ω) =
1
2pi
γ0λ
2
(ω0−ω)2+λ2 , λ defines the spectral width of the cou-
pling, which is connected to the reservoir correlation time
of the environment by τB = λ
−1 and γ0 is coupling con-
stant to environment, which is related to the time scale
of the system τR by the relation τR = γ
−1
0 . In this case
S(t) = 0 and the function G(t) is derived as
G(t) = e
−λt
2 [cosh(
dt
2
) +
λ
d
sinh(
dt
2
)], (26)
where d =
√
λ2 − 2γ0λ. By solving the relevant master
equation in Eq.(25), density matrix in time t ≥ 0 defined
as
ρS(t) =
(
1− |G(t)|2ρ22(0) ρ12(0)G(t)
ρ∗12(0)G
∗(t) |G(t)|2ρ22(0)
)
. (27)
Let us consider the ancillary, which is entangled with sin-
gle qubit system such that ρSA(0) = |ΨSA(0)〉〈ΨSA(0)|,
where |ΨSA(0)〉 = 1√
2
(|0S0A〉 + |1S1A〉). By extending
the action of dynamical map to two-qubit systems, in
recognition of, and with knowledge about the fact that
ancillary system does not evolve, transformed density
matrix is derived as
ρSA(t) =
1
2


1 0 0 G∗(t)
0 1− |G(t)|2 0 0
0 0 0 0
G(t) 0 0 G(t)

 . (28)
According to definition, quantum loss can be obtained as
LQ(ρ
SA(t)) =1 +
2− |G(t)|2
2
log2
2− |G(t)|2
2
+
+
|G(t)|2
2
log2
|G(t)|2
2
−
−
1− |G(t)|2
2
log2
1− |G(t)|2
2
−
−
1 + |G(t)|2
2
log2
1 + |G(t)|2
2
.
(29)
From d
dt
LQ(ρ
SA(t)) ≥ 0 for Markovian dynamical maps,
we find dynamical map is Markovian if d|G(t)|
dt
≤ 0. In
other word, the map is Markovian when |G(t)| be a mono-
tonically decreasing function of t > 0. Any violation from
the condition which is mentioned, i.e. establishment of
d
dt
LQ(ρ
SA(t)) < 0, leads to non-Markovian dynamical
map, in other word the dynamical map is non-Markovian
iff d
dt
|G(t)| > 0
5Example 3: Let us consider the random unitary sin-
gle qubit dynamics by following time-dependent genera-
tor
Lt(ρ
S(t)) =
1
2
3∑
k=1
γk(t)[σkρ
S(t)σk − ρS(t)]. (30)
By solving this master equation we find that
ρS11(t) =
1
2
[(ρ11(0)− ρ22(0))F(t) + 1],
ρS22(t) =
1
2
[−(ρ11(0)− ρ22(0))F(t) + 1],
ρS12(t) =
1
2
[(ρ12(0) + ρ21(0))G(t) + (ρ12(0)− ρ21(0))H(t)],
ρS21(t) =
1
2
[(ρ12(0) + ρ21(0))G(t) − (ρ12(0)− ρ21(0))H(t)],
(31)
where F(t) = e−(Γ1(t)+Γ2(t)), G(t) = e−(Γ2(t)+Γ3(t)),
H(t) = e−(Γ1(t)+Γ3(t)), and Γk(t) =
∫ t
0
γk(τ)dτ . In a
similar way to two pervious example and choosing the
same, initial state ”system + ancillary” composition,
with them, we can extend the action of dynamical map
to two qubit map as
ρSA(t) = (ΛSt ⊗ I
A)ρSA(0) =
1
4


1 + F(t) 0 0 G(t) +H(t)
0 1−F(t) G(t)−H(t) 0
0 G(t)−H(t) 1−F(t) 0
G(t) +H(t) 0 0 1 + F(t)

 .
(32)
From the definition, in this case, we observe that ”quan-
tum loss” is equal to von Neumann entropy of ρSA(t) and
is obtained as
LQ(ρ
SA(t)) = −
4∑
i=1
λi(t) log2 λi(t), (33)
where λi(t)’s are eigenvalues of ρ
SA(t). Similar to the
earlier examples, Straightforward calculations, lead to
this fact that the dynamical map is Markovian if three
following inequality be satisfied simultaneously
γ1(t) + γ2(t) ≥ 0,
γ1(t) + γ3(t) ≥ 0,
γ2(t) + γ3(t) ≥ 0,
(34)
the quantum dynamical map is non-Markovian iff one
of these three inequality does not exist. By considering
the final result of Ex.(1), Ex.(2) and Ex.(3) we conclude
that, these results are the same with others that are
obtained by using different non-Markovianity measures
which are based on information flow between system and
environment, such as Breuer et al. [4] and Luo et al. [5]
measures.
V. CONCLUSIONS
In this paper a new measure for non-Markvianity have
been provided by bringing together the notions of ”quan-
tum loss”, ”entropy exchange” and ”coherent informa-
tion”. Our measure is constructed based on information
exchange between system and environment. In order to
construct our measure we use the physical interpretation
of ”quantum loss”, which it can be interpreted as the
lost information of open quantum system during its evo-
lution. If the rate of ”quantum loss” is positive during
the process d
dt
LQ(ρ
SA(t)) ≥ 0, i.e. LQ(ρSA(t)) is mono-
tonically increasing function of t ≥ 0, then the informa-
tion flow from system to environment continuously and
quantum dynamical map is Markovian. Any violation
from Markovian condition is a sign of non-Markovianity.
In other word the dunamical map is non-Markovian iff
d
dt
LQ(ρ
SA(t)) < 0. In this letter we examine three popu-
lar example(dephasing, amplitude damping and depolar-
izing dynamics) by our measure. The results show that,
this measure is consistent with the other measures which
is constructed based on information exchange. Advan-
tage of this criterion in comparison with other criteria is
the simplicity of mathematical calculations, remarkably,
optimization procedure does not exist in our measure.
From the perspective of physical perception, the eminent
character of non-Markovianity, i.e. back flow of infor-
mation, is described by our measure more clearly. This
description has been achieved via investigation of the in-
formation which is exist in the environment, and it has
been entered to environment due to its interaction with
the system. Also, we conclude that the Luo measure in
Ref.[5] can be reproduced by our measure.
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